In this paper, we review classical and quantum field theory of massive non-interacting spin-two fields. We derive the equations of motion and Fierz-Pauli constraints via three different methods: the eigenvalue equations for the Casimir invariants of the Poincaré group, a Lagrangian approach, and a covariant Hamilton formalism. We also present the conserved quantities, the solution of the equations of motion in terms of polarization tensors, and the tree-level propagator. We then discuss canonical quantization by postulating commutation relations for creation and annihilation operators. We express the energy, momentum, and spin operators in terms of the former. As an application, quark-antiquark currents for tensor mesons are presented. In particular, the current for tensor mesons with quantum numbers J P C = 2 −+ is, to our knowledge, given here for the first time.
Introduction
A first important step toward the understanding of elementary and composite particles in a relativistic context was made by O. Klein and W. Gordon: the so-called Klein-Gordon (KG) equation gives the correct relation between mass, energy, and momentum of all relativistic particles and is capable of describing the dynamics of scalar fields in the non-interacting limit. It can be used to study pions and other (pseudo-)scalar mesons as well as the recently discovered Higgs particle. A fundamental property which naturally emerges when special relativity is applied to classical and quantum field theories is the spin, which is semi-integer for fermions and integer for bosons. P. Dirac introduced the famous Dirac equation for fermions with spin 1/2, which was able to describe relativistic electrons and leads to the correct energy levels of the hydrogen atom. The Dirac equation forms the basis for the description of all fundamental matter particles in the Standard Model, i.e., the quarks and leptons. It can also be used to describe composites of quarks, e.g. baryons with spin 1/2.
Later on, A. Proca [1] developed an equation which describes massive particles with spin one. Nowadays the Proca equation finds an application in effective theories for hadrons, in order to describe composite vector and axial-vector mesons, such as e.g. ρ and a 1 mesons. In the limit of zero masses, the Proca equation correctly reproduces the (inhomogeneous) Maxwell equation for the photon field.
At present, no fundamental particle with spin larger than one appears in the Standard Model. However, in an extension of the latter which encompasses the gravitational force, gravitons as spin-two particles might enter. On the other hand, composite particles with high spin exist: for instance, in the baryonic sector the famous ∆ particle has spin J = 3/2, while in the mesonic 2 CLASSICAL SPIN-TWO FIELDS 3 sector there is a whole class of tensor mesons (J = 2 with different parity and charge conjugation quantum numbers). At the same time, the quantum field-theoretical description of particles with arbitrary spin is an interesting subject on its own. This field was initiated by Fierz [2] and Fierz and Pauli in 1939 [3] , where they postulated the so-called Fierz-Pauli constraints.
In the present work, we focus on the classical and quantum field theory of massive noninteracting spin-two fields. Although these have been subject of many works [2, 3, 7, 9-12, 14, 16-20, 23, 26] , usually only certain aspects of the theory of spin-two fields have been considered and a comprehensive review is still missing. With this work, we aim to fill this gap. In addition, we emphasize the importance of deriving the Fierz-Pauli constraints from fundamental principles. We also present the operators for energy, momentum, and spin of spin-two fields in terms of number operators, which to our knowledge has not been shown before.
This paper is organized as follows. In Sec. 2 we discuss the classical theory of spin-two fields. We derive the equations of motion and the Fierz-Pauli constraints via three different methods. The first is based on the observation that fields with a given spin form irreducible representations of the Poincaré group. Thus, they must fulfill eigenvalue equations for the two Casimir operators of this group. From these, we demonstrate how to extract the equations of motion and the FierzPauli constraints. The second method is the conventional Lagrangian approach: one postulates a Lagrangian from which one derives the equations of motion and the Fierz-Pauli constraints via the Euler-Lagrange equations. The third method is a novel approach based on a Lorentz-invariant Hamilton density which is obtained from the Lagrangian via a covariant Legendre transformation, i.e., by also replacing spatial derivatives of the field by canonically conjugate fields. Equations of motion and Fierz-Pauli constraints emerge from the covariant canonical equations and agree with the results obtained with the other two methods. We also derive the energy-momentum tensor and conserved quantities and we present the solution of the equations of motion in terms of a basis of polarization tensors for spin-two fields. We conclude this section by presenting the tree-level propagator.
In Sec. 3 we quantize the classical spin-two field via postulating commutation relations for the creation and annihiliation operators. We also present the Hamilton, momentum, and spin operators. In particular, the z-component of the spin operator assumes a simple and physically intuitive form. We conclude this work with a summary and an application to quark-antiquark currents for tensor mesons with quantum numbers J P C = 2 ++ , J P C = 2 −− , and J P C = 2 −+ . In particular, the latter is -to our knowledge -presented here for the first time. Many technical details are relegated to various appendices. Our units are = c = 1 and the metric tensor is g µν = diag(+, −, −, −).
Classical spin-two fields
In this section we first discuss the classical equations of motion for non-interacting massive spin-two fields. Here, we follow a novel approach which is based on the observation that the representations of any group can be classified according to the eigenvalues of the respective Casimir operators. Therefore, a field in a given representation of a symmetry group has to fulfill eigenvalue equations for the Casimir operators of this group. The Casimir operators are functions of the generators of the group. In our case, the symmetry group is the Poincaré group. As a first step, we therefore construct the generators of this group in the representation for spin-two fields. We then compute the Casimir operators in this representation and show that the respective eigenvalue equations for these operators comprise the equations of motions as well as the Fierz-Pauli constraints for the fields. In this section, we focus on spin-two fields. However, for the sake of the completeness, we demonstrate the validity of this approach also for spin-1/2, spin-one, and spin-3/2 fields in App. D. Next, we shall also discuss the more conventional derivation of the equations of motion and the constraints for spin-two fields from a Lagrangian. In the construction of this Lagrangian we put special emphasis on the fact that the equations of motion as well as the constraints must follow from the Euler-Lagrange equations. Subsequently, we construct a covariant extension of the conventional Hamilton density and show that the equations of motion and constraints follow 2 CLASSICAL SPIN-TWO FIELDS 4 also from the canonical equations. At the end of this section, we list the conserved quantities, solve the classical equations of motion for non-interacting massive spin-two fields, and quote the tree-level propagator for spin-two fields.
Generators of the Poincaré group
The fundamental symmetry that each relativistic classical and quantum field theory has to fulfill is form invariance under Poincaré transformations which include space-time translations and Lorentz transformations, see e.g. Ref. [4, p.55-64] . The four-vector x µ of space-time coordinates transforms under Poincaré transformations as
where a µ is a real four-vector and Λ µ ν is the (4 × 4)-matrix of Lorentz transformations fulfilling
where δω µν = −δω νµ is an infinitesimal rank-two tensor and ǫ µ an infinitesimal four-vector. The algebra of the Poincaré group involves the six generators I αβ of the Lorentz group and the four generators P α of space-time translations,
We now determine the generators in the representation for spin-two fields.
Generators for translations
In order to derive the generators P α for translations we require, as usual [5] , that the new field T ′µν at the translated coordinate x ′τ is equal to the old field T µν at the original coordinate x τ :
Adding T ′µν (x τ ) to both sides of this equation, this can be arranged into
It is sufficient to consider infinitesimal translations, cf. Eq. (2). Thus we may expand the term in brackets to first order in ǫ τ ,
where to order O(ǫ 2 ) we were allowed to replace
. On the other hand, a space-time translation of a field can be expressed in terms of a group element acting on the original field:
where a α is the translation vector, cf. Eq. (1), and (P α ) µ ν σ ρ is the generator for translations in spin-two field representation. For infinitesimal translations a α −→ ǫ α and we may expand the exponential in Eq. (9) to obtain
Comparing this result with Eq. (8) one extracts the generators for translations as
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Generators for Lorentz transformations
We apply the same method as in the preceding subsection to derive the generators I αβ for Lorentz transformations. We start with the Lorentz transformation of a rank-two tensor,
This equation describes the relation between the transformed field T ′µν at the new position x ′τ and the original field T µν at the old position x τ . Note that both field and coordinate are transformed. In consequence, this relation only yields the part of the generator which is related to the spin of the field, whereas the part that is related to angular momentum will not appear. In order to extract the complete expression for the generators of Lorentz transformations in spin-two field representation, one has to compare the transformed field T ′µν with the original one T µν at the same coordinate x τ . As in Eq. (7), this is done by adding T ′µν (x τ ) to both sides of Eq. (12) and rearranging the terms into the form
For infinitesimal transformations, cf. Eq. (2), we replace Λ
and expand the term in brackets to first order in δω
To first order in δω, we may replace
. We now make explicit use of the antisymmetry of δω αβ . This is important, since otherwise we will not obtain the correct expression for the generators I αβ . Equation (14) can then be rewritten as
A Lorentz transformation of the rank-two tensor field can also be written in terms of an element of the Lorentz group acting on this field,
where (I αβ ) µ ν σ ρ are the generators for Lorentz transformation in the rank-two tensor field representation. For an infinitesimal transformation, ω αβ −→ δω αβ , the exponential can be expanded,
By comparing Eqs. (15) and (17), we read off the generators as
This procedure to obtain the explicit form of the group generators has also been employed e.g. 
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The result for the spin part (S αβ ) µ ν σ ρ agrees with that given in Ref. [7, p.213] , where it was termed 'spin operator'. This denotation is, however, not quite correct, as we shall see in Sec. 2.6, because it is only part of the spin operator.
In order to check whether Eqs. (11) and (18) are the correct expressions for the generators of the Poincaré group in the representation appropriate for rank-two tensor fields, it is necessary to prove that they fulfill the group algebra (3) 
Eigenvalue equations for the Casimir operators
The Casimir operators C i of a group are the operators which commute with all generators of the group. This means that these operators and their eigenvalues are invariant under the symmetry transformations of the group. In consequence, the eigenvalues of these operators can be used to classify the representations of the group. The Poincaré group has two Casimir operators,
where
is the so-called Pauli-Lubanski pseudovector. The expression on the right-hand side of Eq. (22) is proven in App. B. The last equality in Eq. (23) follows from the commutation relation (5) and the antisymmetry of the Levi-Civita tensor. The eigenvalue of C 1 is the squared mass m 2 of the particle, while the eigenvalue of C 2 is −m 2 s(s + 1), where s is the spin of the particle, see e.g. Ref. [4, p.55-64] .
The next step is to find the equations of motions for a field of a given spin. The standard approach is the Bargmann-Wigner method [8] (see also Refs. [6, chap.15] and [9, p.63] ). Another way is to use projection operators as discussed in Ref. [10, p.1684ff ] and further elaborated in Ref. [7, p.213-217] for the spin-two case. In the following we present yet another, and to our knowledge novel, way to derive the equations of motion as well as the Fierz-Pauli constraints. This will be done via eigenvalue equations for the Casimir operators. In this section, we apply this approach to rank-two tensor fields T αβ . In App. D we demonstrate its validity for spin-1/2, spin-one, and spin-3/2 fields. Therefore, we conjecture that it is valid also for fields with arbitrary spin.
The eigenvalue equation for the first Casimir operator C 1 (21) reads:
Using the generator (11) for translations in spin-two field representation, this equation becomes the well-known Klein-Gordon (KG) equation:
We now proceed by computing W 2 from Eq. (23) in rank-two tensor field representation, i.e., using Eqs. (11) and (18) . As shown in App. C, the result is 
where we have to set s = 2. Using the explicit expression (26) for W 2 , one obtains with the abbreviation T µ µ ≡ T :
We now employ Eq. (25) to obtain
A rank-two tensor can always be decomposed into a part which is symmetric, T 
if m 2 = 0. This means that a spin-two field can be described by a symmetric rank-two tensor.
For the remainder of the calculation, we may now take T µν to be symmetric. Then, Eq. (29
Taking the trace, we obtain using the KG equation (25) 
i.e., the symmetric rank-two tensor field describing spin-two particles is traceless. Using this fact and taking the four-divergence of Eq. (31) leads to
Taking the four-divergence again gives (yet again employing the KG equation)
Inserting this back into Eq. (33) we obtain (again using the KG equation)
In summary, the eigenvalue equations (24), (27) for the two Casimir operators have been shown to be equivalent to the following equations for a spin-two field:
cf. Eqs. (25) , (30) , (32) , and (35) . Equation (36) is the equation of motion for the rank-two tensor field, i.e., each component obeys the KG equation. Equations (37) , (38) , and (39) are additional equations known as Fierz-Pauli constraints. These constraints constitute 6 + 1 + 4 = 11 additional conditions which reduce the number of degrees of freedom of a rank-two tensor field from 16 to 16 − 11 = 5. These are just the 2s + 1 = 5 spin projections or polarization directions for a spin-two particle. 
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and for arbitrary semi-integer spin (fermions) they are
For the general determination of the number of degrees of freedom see Ref. [3] 
Lagrangian
In this section, we discuss the derivation of the equations of motion and the Fierz-Pauli constraints from a suitably defined Lagrangian. This Lagrangian was already given in Ref. [14, p.3] and reads
In the following we shall explicitly demonstrate that this Lagrangian leads to Eqs. (36) , (37) , (38) , and (39) via the Euler-Lagrange equations
Inserting the Lagrangian (40) into the Euler-Lagrange equations we obtain
Note that only the symmetric combination T αβ + T βα enters these equations, i.e., only the symmetric part of T αβ is a dynamical quantity. The antisymmetric part does not play any role. Of course, this is a consequence of the way the Lagrangian (40) is constructed. Nevertheless, one should not assume from the very beginning, i.e., in the Lagrangian itself, that T αβ is symmetric, otherwise one will not obtain the correct form of the covariant Hamilton density and the tree-level propagator, see Secs. 2.4 and 2.8.
In the following, we shall therefore assume that T αβ = T βα , i.e., that Eq. (37) holds. Then, Eq. (42) simplifies to 
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which can be reinserted into Eq. (43), resulting in
Taking the trace, we see that
i.e., the rank-two tensor field is traceless, which is Eq. (38) . Using this fact in Eq. (44) yields the Lorentz condition (39) . Finally, using T = 0 and ∂ µ T µν = 0 in Eq. (43), we obtain the KG equation (36) . This completes the derivation of the equations of motion and the Fierz-Pauli constraints starting from the Lagrangian (40).
The Lagrangian (40) [7, p.219-223] . In this context we would also like to mention the seminal work by Bhargava & Watanabe [19] , who quoted a Lagrangian for the complex spin-two field. Finally, we also refer to the works of Dalmazi [20] and Bouatta et al. [11] , who include several arbitrary parameters in the Lagrangian, which are then fixed by physical requirements.
Covariant Hamilton density
In this section, we discuss the derivation of the equations of motion and the Fierz-Pauli constraints from a covariant Hamilton density and the pertaining canonical equations. This procedure is described e.g. in Refs. [21, p.3,4] and [22] , to which we refer for details. To this end, one has to perform a so-called complete Legendre transformation of the Lagrangian, i.e., one not only replaces the temporal derivatives ∂ 0 φ I of a field φ I but also its spatial derivatives ∇φ I by associated canonically conjugate fields. Consequently, if the field φ I is a Lorentz tensor of rank n, then these form a Lorentz tensor of rank n + 1 defined as
Then, the so-called covariant Hamilton density H cov reads
Note that this quantity is manifestly Lorentz-invariant. The canonical equations can derived from a variational principle as [21] ∂H cov ∂π
The difference between the covariant Hamilton density H cov and the usual Hamilton density H will be clarified when we discuss the energy-momentum tensor in Sec. 2.5.
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In the case of the spin-two field the canonically conjugate field is given by
Note that at this stage no assumption about T σρ is made. In particular, the Fierz-Pauli constraints are not used at this stage but, as we shall see, follow from the canonical equations. This means that also the unphysical degrees of freedom of T σρ enter in Eq. (49). We now derive the covariant Hamilton density via performing the complete Legendre transformation for the spin-two field (46), for details see App. E. The result is
In App. F it is shown that Eqs. (36), (37), (38) , and (39) follow from the canonical equations (47), (48) with the Hamilton density (50). This proves that the covariant Hamilton formalism is an alternative approach which is completely equivalent to the Lagrangian description. For the standard non-covariant Hamilton density for the spin-two field, see for example Baaklini & Tuite [16, p.13] , which takes into account all constraints of the spin-two field. This standard Hamilton density is the 00-component of the energy-momentum tensor and related to the energy of the field, cf. Eq. (56). However, from this Hamilton density one cannot derive all constraints for spin-two fields. Wagenaar & Rijken circumvented this problem by adding Lagrange multipliers for the constraints to a non-covariant Hamilton density [17, p.5] . Then, they were able to derive the equations of motion and the constraints from this Hamilton density.
Energy-momentum tensor
The energy-momentum tensor of the spin-two field is given by:
Alternatively it is also possible to express the energy-momentum tensor in terms of the covariant Hamilton density (46). Using the definition (45) of the canonically conjugate field, the Legendre transformation (46), and the canonical equation (47), one obtains
Both expressions lead to equivalent results. In addition, it is now obvious that the standard Hamilton density H ≡ Θ 00 does not coincide with the covariant Hamilton density H cov . In general one is interested in the energy-momentum tensor for physical solutions. To this end, one uses the Fierz-Pauli equations (36), (37), (38) , and (39) to obtain: [5] . Here this is not necessary because the tensor (53) is already symmetric in the indices µ and ν. Finally, the divergence of the energy-momentum tensor vanishes, as expected for a system that is invariant under space-time translations:
where we used Eq. (36).
Conserved quantities
The aim of this section is to find the conserved quantities following from the Noether theorem. The Lagrangian (40) is Poincaré-invariant. As is well known, space-time translation invariance is responsible for the conservation of the four-momentum
3 xΘ 00 is usually referred to as the Hamilton function and coincides with the energy of the system. Recall that it is not possible to derive all constraints from H, if one uses Θ 00 from Eq. (53), since the constraints have already been taken into account to derive this expression. We now define
where we used Eq. (49) and applied the constraints (37), (38) , and (39). Then, using Eq. (53) the explicit forms for H and P for spin-two fields are:
A similar result for the Hamilton function H of the spin-two field was already given in Refs. [12, p.1314] and [23, p.1262] . The remaining symmetry transformations are the Lorentz transformations, which imply the conservation of angular momentum L and spin S, see e.g. Ref. [5, p.44-46] . In general the angularmomentum density reads:
Then the m-component of the angular-momentum vector is
The covariant spin density is defined as
where we used the symmetry of Π αβ and T αβ , as well as the definition of the spin part (19) of the generator for Lorentz transformations in spin-two field representation. The m-component of the spin vector is defined as
where we used Eq. (60) and the symmetry of Π αβ and T αβ . Finally, in vector notation L and S read:
Here we defined Π ρ = Π nρ e n , T ρ = T ρ n e n , where e n is the Cartesian unit vector in spatial ndirection. Note that the factor 2 in front of expression (63) corresponds to the fact that our fields are rank-two Lorentz tensors that obey the constraints (37), (38) , and (39) . As a consequence, if the integral in Eq. (63) is properly normalized, the correct value for the spin arises already from classical relativistic field theory, without any need of quantization. To our knowledge, expressions (61) and (63) 
Solution of the equations of motion and polarization tensors
The solution of the free KG equation (36) 
where ω k = k 2 + m 2 and where we introduced polarization tensors ǫ µν ( k, λ) in generalization of the polarization vectors ǫ µ ( k, λ) of the spin-one case. The polarization tensors can be explicitly determined using the constraints (37), (38) , and (39). When applied to Eq. (64) one obtains 1 :
We choose a specific solution fulfilling the orthonormality condition
In the rest frame of the field, where k µ = (m, 0) T , a possible choice is:
In order to find a representation of these polarization tensors in another inertial frame, one has to perform a Lorentz boost, see App. G. The polarization tensors appear in several forms in different papers. Chang [23, p.1263 ] only mentions the results without discussing the details and Hinterbichler [15, p.17-19] and Huang et al. [9, p.67,68] give a short presentation of this topic. Note that, in the massless case (such as in the case of the graviton), only two of these five tensors are needed. For example, Carroll uses λ = 1, 2 in his treatment of gravitational waves [24, p.151] . He also discusses interesting visualizations of oscillations along these polarization directions [24, p.153,154] which are helpful to get a better idea of the behavior of such fields.
An important property of the polarization tensors is the completeness relation, see App. H:
where the tensor G µν is defined as
This tensor will appear again in the discussion of the tree-level propagator, Sec. 2.8, and when quantizing the fields.
The tree-level propagator
The tree-level propagator for the spin-two field is well known, see e.g. Zee [25, p.35,36] , and was already described by Hinterbichler [15, p.21] . Here we derive it from the Lagrangian (40), which we write in the form
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Fourier-transforming the differential operator D −1 νραβ into momentum space (and for the sake of convenience denoting the result with the same symbol), we obtain
The tree-level propagator P αβσλ of the spin-two field is the inverse of this differential operator,
Note that the rank-four identity tensor is symmetric in all indices. In order to determine P αβσλ we write it as a sum of all possible rank-four tensors formed from k µ and the metric tensor 3 . Choosing this expansion to be symmetric under the exchanges σ ↔ λ, α ↔ β, (σλ) ↔ (αβ), we obtain:
with coefficients A, B, C, D, E that are determined in App. I. The result is
Note that our derivation of the tree-level propagator is based on the Lagrangian (40), which a priori does not assume that the spin-two field is symmetric and traceless. 3 Quantized spin-two fields
Canonical quantization
Various works show how to quantize a spin-two field by making use of the canonical commutation relations. Here, we first provide a short description of this procedure and then apply it to the conserved quantities. The first step in the procedure of second quantization is to promote the fields to operators:
Then, the Fourier coefficients a( k, λ) and a * ( k, λ) become annihilation and creation operators:
This leads to the following operators for the field and its canonically conjugate field, which can be expressed in terms of the time derivative of the tensor field according to Eq. (55),
Following the discussion in Sec. 2.7, these operators fulfill Eqs. (36), (37) , (38) , and (39) . There are two possibilities to proceed with quantization: (i) one postulates commutation relations for the fields (82), (83) and derives corresponding relations for the creation and annihilation operators (81). This approach is rather similar to the discussion of the Poisson brackets in classical mechanics, see e.g. Baklini & Tuite [16, p.14] 
It is useful to define the so-called number operatorN ( k, λ) via:
where 3 in a finite volume V < ∞. Now it is straightforward to calculate the commutators of the fields. The explicit calculation is relegated to App. J. The equal-time commutation relations for the spatial components of the spin-two field and its canonically conjugate field then read:
is the Fourier-transform of the on-shell projection operator (75). It is remarkable that the expression in brackets in the last commutator (90) is (up to a factor of two) the Fourier-transform of the numerator of the propagator (79). It would certainly have been difficult to guess this result and thus quantize the spin-two field following option (i) discussed in the beginning of this subsection.
Similar results for the equal-time commutation relations were also given by Wagenaar 
Operators for conserved quantities
The conserved quantities presented in Sec. 2.6 become operators once the fields are quantized. Here we express the Hamilton operator, the momentum operator, and the spin operator in z-direction as functions of the creation and annihilation operators (for more details see App. K).
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The Hamilton operator is given by the quantized version of Eq. (56):
while the momentum of the field, Eq. (57), takes the form:
These results are familiar and consistent with the results for fields with other spin values. The energy of the field is given by a vacuum term and the number of all excitations with all possible polarisations and momenta multiplied by the respective energy. The momentum operator can be interpreted analogously, except that there is no momentum associated with the vacuum. The derivation of the z-component of the spin operator is presented in App. K, with the result:
where we used number operators in a circularly polarized bases, denoted by λ = +, −, ∆, , and 0, see Eq. (239). This is a physically very intuitive result, since it expresses the total spin as the sum over all particles with definite momentum and (circular) polarization direction, weighted with the modulus of the spin projection in z-direction. The result (94) is analogous to that for vector fields, see e.g. Reinhardt & Greiner [5, p.166] . Note that only in the circularly polarized basis the z-component of the spin operatorŜ z is diagonal in the polarization directions, such that the corresponding number operators can be employed. Had we chosen a different quantization axis, e.g. the x-direction, the diagonalization of the spin operator is not as straightforward, but can be achieved by a rotation of the basis of polarization tensors, or by choosing a basis for the annihilation and creation operators which is different from Eq. (239).
Conclusions and outlook
Spin-two fields play an important role in gravity [24, 26] and in its various extensions where even massive gravitons appear, see e.g. Refs. [27, 28] and refs. therein, as well as in extensions of the standard model [29] . In the framework of QCD, tensor mesons naturally emerge as composite quark-antiquark bound states [30] [31] [32] [33] [34] [35] . It is therefore important to have a solid theoretical basis for the field-theoretical description of spin-two fields. To this end, in this work we have reviewed known features and presented new aspects of massive spin-two fields in both classical and quantum field theory.
For classical tensor fields, we have determined the equations of motion as well as the FierzPauli constraints for tensor fields via three different methods: (i) the eigenvalue equations for the Casimir operators, (ii) a Lagrangian, and (iii) a covariant Hamilton approach. We have also computed the energy-momentum tensor, conserved quantities, and the solution of the equations of motion in terms of a basis of polarization tensors. To conclude the discussion of classical fields, we have also presented the corresponding tree-level propagator.
Quantization required us to postulate commutation relations for the annihilation and creation operators. From these and the solution of the equations of motion we have derived equal-time commutation relations for the fields and their canonically conjugate counterparts. We have also computed the Hamilton, momentum, and spin operators.
As an application, let us consider tensor mesons in QCD. Conventionally, mesons are bound states of a quark and an antiquark, but other, more exotic possibilities, such as glueballs, hybrids, tetraquarks, etc. exist, too (see the general discussion in Ref. [36] and for the phenomenology of tensor mesons see e.g. Refs. [30] [31] [32] [33] [34] [35] and refs. therein). The theoretical description of such objects, be it via lattice QCD or via QCD sum rules, requires us to construct composite operators with the appropriate quantum numbers.
In the conventional picture of a meson, i.e., a quark-antiquark bound state, the spin can either be S = 0 or S = 1, while the orbital angular momentum L can assume all integer values, L = 0, 1, 2, . . .. The total angular momentum J = L + S is an integer limited by |L − S| ≤ J ≤ L + S. In order to obtain tensor mesons with J = 2, we can therefore either combine S = 0 with L = 2, or we can combine S = 1 with L = 1, 2, or 3.
In general one classifies different particle states in quantum field theory by their transformation behavior under parity and charge conjugation. For neutral unflavored mesons these values are given by:
Together with the total spin J, the quantum numbers are summarized by J P C . For the specific case of J = 2, there are three possibilities, which we study in the following together with their microscopic quark-antiquark currents. These are objects constructed from fermionic quark fields q i (x) (where i stands for flavor u, d, s, c, b, t) and should have the correct behavior under Poincaré, parity, and flavor transformations, as well as charge conjugation and time reversal. Moreover, they should fulfill the KG equation (36) and the constraints (37), (38) , and (39). Thus, the following spin-two quark-antiquark currents emerge:
(1) Tensor mesons J P C = 2 ++ . They arise from S = 1 and L = 1 or 3, which couple to J P C = 2 ++ . The corresponding current was previously introduced e.g. in Ref. [37] :
and k µ is the total momentum of the meson. (2) Axial-tensor mesons J P C = 2 −− . They arise from S = 1 and L = 2. The respective current was introduced in Ref. [38] and reads explicitly:
(3) Pseudotensor mesons J P C =2 −+ . They arise from S = 0 and L = 2. The respective current, to our knowledge presented here for the first time, is:
The decays of such pseudotensor mesons will be discussed in a forthcoming publication.
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A Poincaré algebra for the generators in spin-two field representation
In this appendix we prove that the generators (11) and (18) in spin-two field representation fulfil the Poincaré algebra (3) -(5). We start with Eq. (3), which reads for spin-two fields
Now we use the decomposition into a spin part (S αβ ) 
Now we compute the four commutators on the right-hand side separately. Inserting the explicit expression (19) for the generators in the first commutator, we obtain
The terms in the second and third line cancel against those in the sixth and seventh line. The remaining ones can be rearranged as 
Finally, we need to compute
which means that also the angular momentum part (L αβ ) µ ν σ ρ fulfills the Lorentz algebra (3) by itself. Furthermore, combining Eqs. (101) and (103) 
proves Eq. (98).
The second commutation relation of the Poincaré algebra (4) can also be calculated explicitly. One inserts Eq. (11) and finds:
In order to prove the third commutation relation (5) one uses again the decomposition (I αβ )
The first commutator is given by
whereas the second term leads to
On the one hand this shows that the third commutation relation (5) is fulfilled, while on the other hand this proves that translations do not commute with rotations, whereas the spin part (S αβ ) µ ν γ δ of the generator commutes with the generator of translations. In summary, we have shown that the generators of the Poincaré group in spin-two field representation fulfill the Poincaré algebra (3), (4), and (5).
B SECOND CASIMIR OPERATOR
20
B Second Casimir operator
In this appendix we explicitly calculate the square of the Pauli-Lubanski pseudovector (22) . Using the identity
we obtain
where we used the antisymmetry of I αβ in the fourth and sixth lines and the commutation relation (5) in the fifth line.
C Second Casimir operator in spin-two field representation
Just like the generators, for the spin-two case W 2 , Eq. (109), is a rank-four tensor,
After inserting the generator for translations (11) , this simplifies to:
We first compute 
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Now we contract λ and α,
Finally, inserting Eqs. (112) and (113) into Eq. (111) the second Casimir operator in spin-two field representation reads:
D Fierz-Pauli constraints for spin 1/2, spin one, and spin 3/2
In this appendix, we derive the Fierz-Pauli constraints from the eigenvalue equations for the Casimir operators for spin-1/2, spin-one, and spin-3/2 fields. We first determine the generators P α , I αβ of the Poincaré group for each case, before we embark on the discussion of the Fierz-Pauli constraints.
D.1 Generators of the Poincaré group
D.1.1 Spin 1/2:
We determine the generators for space-time translations from the requirement that the translated field at the translated coordinate is identical to the non-translated field at the original coordinate:
Adding ψ ′ (x τ ) on both sides of this equation, rearranging terms, and Taylor-expanding ψ ′ (x ′τ ) around x τ for an infinitesimal translation x ′τ = x τ + ǫ τ leads to:
where, to order O(ǫ 2 ), we were able to replace
. In order to keep track of Dirac indices, we also explicitly denoted the (4 × 4) unit matrix in Dirac-spinor space by 1. On the other hand, a translation can also be written in terms of a group element acting on ψ(x τ ):
Up to first order in a α ≡ ǫ α this is equal to:
By comparing Eqs. (116) and (118) we read off the generator for space-time translations in the Dirac-spinor representation as:
The next step is the determination of the generators for Lorentz transformations. The transformation of a spinor reads, see e.g. Reinhardt & Greiner [5, p.119] ,
with
. Adding ψ ′ (x τ ) on both sides of Eq. (120) and rearranging terms yields
For infinitesimal transformations, ω αβ → δω αβ , and expanding S to first order in δω, as well as Taylor-expanding ψ ′ (x ′τ ) around x τ for an infinitesimal Lorentz transformation
to the same order yields:
where to order O(δω
and used the antisymmetry of δω ρσ . On the other hand, the transformation of a spinor under an element of the Lorentz group reads:
For infinitesimal transformations, ω αβ → δω αβ , and expanding the exponential to first order in δω, we have
Comparing Eqs. (123) and (125) the generator for Lorentz transformations in Dirac-spinor representation is
This expression can be decomposed into a spin part S αβ and an angular momentum part L αβ :
One can verify that the generator (126), as well as the spin and angular momentum parts separately, fulfill the Lorentz algebra (3). Moreover, both generators (119) and (126) fulfill the two other commutation relations (4) and (5) of the Poincaré group. The proof is analogous to that given in App. A for the rank-two tensor representation of the generators.
D.1.2 Spin one:
The generators for space-time translations in the representation for spin-one fields are computed analogously to the spin-1/2 case. We demand that
Adding A ′µ (x τ ) to both sides of this equation, rearranging terms, and expanding A ′µ (x ′τ ) to linear order in an infinitesimal space-time translation x ′τ = x τ + ǫ τ leads to:
where, up to terms of order O(ǫ 2 ), we were able to replace
. A space-time translation can also be written in terms of a group element acting on the field:
For an infinitesimal translation, a α ≡ ǫ α , this reads:
Comparing Eqs. (130) and (132), the generators for space-time translations can be read off as:
A Lorentz transformation of a vector field is defined as
Adding A ′µ (x τ ) on both sides of this equation and rearranging terms, we obtain
In the following step we consider an infinitesimal Lorentz transformation matrix Λ
where we used the antisymmetry of δω αβ and, to order O(δω 2 ), we were able to replace
. A Lorentz transformation of a spin-one field can also be expressed via a group element acting on the field,
For infinitesimal Lorentz transformations, ω αβ → δω αβ , this reads
Comparing Eqs. (136) and (138) yields:
It is again possible to identify the spin part, (S αβ ) µ ν , and angular momentum part, (L αβ ) µ ν , of the generator:
One can prove that the generators (133) and (139) fulfill the Poincaré algebra (3), (4), and (5). This calculation is analogous to that in App. A for the generators in spin-two field presentation.
D.1.3 Spin 3/2:
The transformation of a spin-3/2 field under space-time translations reads
Adding ψ ′µ (x τ ) on both sides of this equation, rearranging terms, and expanding ψ ′µ (x ′τ ) around x τ for an infinitesimal translation
where we replaced
and explicitly kept track of the (4×4)-unit matrix 1 in Dirac space. A space-time translation can also be written as a group element acting on the field,
For infinitesimal translations, a α → ǫ α , this becomes
Comparison to Eq. (143) yields the generators for space-time translations of Rarita-Schwinger fields:
A Lorentz transformation of a spin-3/2 field reads:
Adding ψ ′µ (x τ ) on both sides of this equation and rearranging terms, this becomes
For infinitesimal Lorentz transformations (with parameters δω αβ ) this becomes:
where we used the antisymmetry of δω αβ and, to order O(δω 2 ), were able to replace
On the other hand, in terms of a group element acting on the field we have:
which for an infinitesimal transformation reads
Comparing Eqs. (149) and (151) the generators of Lorentz transformations for Rarita-Schwinger fields can be read off as:
At this point we may again identify the spin part, (S αβ ) µ ν , and the angular momentum part, (L αβ ) µ ν , of the generators:
Again, one can prove that the generators (146) and (152) fulfill the Poincaré algebra (3), (4), and (5). This calculation is analogous to that in App. A for the generators in spin-two field presentation.
D.2 Eigenvalue equations for the Casimir operators
D.2.1 Spin 1/2:
With the results (119) and (126) it is possible to construct the Casimir operators P 2 and W 2 in Dirac-spinor field representation. The first one is simply P 2 = −1 , and the corresponding eigenvalue equation is the KG equation,
In order to determine W 2 , Eq. (109), in Dirac-spinor representation it is useful to write down all spinor indices (Roman letters) explicitly:
Inserting the generator for translations (119) this becomes
We first calculate the contraction of the generators in the second term, dropping spinor indices for the sake of clarity:
Contracting α and γ indices, this becomes:
We now combine Eqs. (158) and (159) and use the antisymmetry of σ αβ to arrive at the following expression for the second Casimir operator (157):
This expression can be further simplified with the help of the anticommutation relations for the Dirac matrices:
The eigenvalue equation for the second Casimir operator (for s = 1/2) then reads:
Using the KG equation (155), this becomes:
i.e., the Dirac equation.
D.2.2 Spin one:
With the results (133) and (139) we now consider the eigenvalue equations for the Casimir operators in spin-one field representation. Equation (133) yields
i.e., the four components of the vector field fulfill the KG equation. Equation (109) with Eq. (139) yields
Using the generator for translations (133), this simplifies to:
With Eq. (139) the contraction of the generators in the second term is:
Contracting indices α and γ results in:
Inserting Eqs. (168) and (169) into Eq. (167) the Casimir operator becomes:
This result is well known, see Aurilia & Umezawa [10, p.1688] . Thus, using s = 1 the eigenvalue equation for the second Casimir operator is:
This is the Proca equation. Using the KG equation (165) and differentiating with respect to x µ gives:
which is the Lorentz condition.
D.2.3 Spin 3/2:
With Eq. (146) the eigenvalue equation for the Casimir operator P 2 reads:
i.e., all components of the Rarita-Schwinger field fulfill the KG equation. The second Casimir operator (109) is (again we explicitly denote spinor indices as Roman letters):
With the generators (146) this simplifies to
where spinor indices have been suppressed. We first compute the contraction of the generators in the second term. With Eq. (152) we have
Contracting the indices α and γ, we obtain the first part of the first term in Eq. (175):
where we used the antisymmetry of σ µν and σ αβ σ αβ = 12 1. Inserting Eqs. (176) and (177) into Eq. (175) one obtains: 
Differentiating with respect to x µ and using Eq. (173) one finds
which is the first constraint. Finally, multiplying Eq. (179) with γ µ and using Eq. (173) we obtain:
which is the last constraint for the spin-3/2 field. The procedure can be generalized to arbitrary values of spin, see e.g. Ref. [39] .
E Legendre transformation
In this appendix we derive the covariant Hamilton density via the complete Legendre transformation (46) for the spin-two field. The canonically conjugate field is given in Eq. (49). In the course of the calculation, we shall also need the following contractions of this field,
From its definition (49) it is obvious that the canonically conjugate field is symmetric in the first two Lorentz indices. This naturally explains why the latter two contractions are identical. The Legendre transformation considerably simplifies by noting that
is the kinetic part of the Lagrangian (40), so that
F CANONICAL EQUATIONS
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The Legendre transformation now reads explicitly:
The second term vanishes because Π σργ is symmetric in the first two indices. At this point one uses the expression for the momentum field (49) to rewrite the first term:
Then, the derivatives of the tensor field are substituted by the contractions (182) of the canonically conjugate field:
This then leads to Eq. (50).
F Canonical equations
The covariant Hamilton density contains all information about the system. In the present case these are the equations of motion and the Fierz-Pauli constraints. In general one extracts them from the canonical equations (47) and (48):
The right-hand side of the second equation (189) is symmetric under the exchange of α and β. Hence, the dynamical part of the momentum field is also symmetric. We now prove that also T αβ is symmetric. To this end, we exchange the indices α and β in the first canonical equation (188), 
For the remainder of the calculation it is useful to quote the following contractions of Eq. (188):
Furthermore, by combining Eqs. (192) and (193), we obtain
Taking the divergence of expression (188) and inserting Eq. (191) in the first term on the right-hand side yields
We now employ Eq. (193) with the fact that Π αβµ is symmetric in the first two indices to rewrite the last two terms. We obtain 
G Boosted polarization tensors
In this appendix, we compute the polarization tensors in a frame where the particle is moving along the z-axis. To this end, we have to perform a Lorentz boost of the tensors given in Eqs. (69) -(73).
In general, Lorentz boosts on vectors and tensors are given by:
with β ≡ v being the three-velocity of the moving frame (the velocity of the particle is equal to −v in this frame) and γ =
H COMPLETENESS RELATION
31
Then, the polarization tensors transform as:
For k ′ = (0, 0, k ′ z ) we obtain for λ = 1, . . . , 5:
Note that the velocity of the particle is k
It is obvious that the boosted polarization tensors still obey the symmetry and tracelessness conditions (37) and (38) . In order to check whether Eq. (39) is fulfilled, we first compute the four-momentum of the particle in the moving frame,
which confirms that k
. . , 5 and confirms the validity of Eq. (39).
H Completeness relation
In this appendix, we prove the completeness relation (74). To this end, we note that the left-hand side of this equation depends on the three-momentum k, i.e., in a relativistic setting on the on-shell four-momentum
Consequently, we may tensor-decompose the left-hand side with respect to all possible rank-four tensor products formed from k µ and the rank-two tensor (75), which projects onto the three-dimensional subspace orthogonal to k µ . Note that G µν is a projector only if k µ is on-shell. The tensor (75) fulfills the relations
The tensor decomposition reads (see also Ref. [25] ):
The symmetry relation (65) yields the conditions
while the symmetry under simultaneous exchange (µν) ↔ (αβ) yields
Then, Eq. (203) can be simplified as:
Using Eq. (202) together with Eq. (66) leads to:
Contracting this result further with k ν , k α , and k β , we derive that the coefficients C, D, and E vanish. This leaves only two undetermined coefficients in Eq. (204), 
Inserting the solution A = −2B/3 into Eq. (206) we find
Finally, we determine the overall factor B. This will be done using the orthonormality condition As a final result, the completeness relation reads:
cf. Eq. (74). This expression appears also in the numerator of the tree-level propagator discussed in Sec. 2.8. We remark that taking the value B = 1/2 is consistent with the normalization of the tree-level propagator. (For a different choice, see Ref. [25, p.33] .)
I Inversion of the differential operator
In order to compute the tree-level propagator for spin-two fields explicitly, one has to insert the differential operator (76) and the ansatz (78) into Eq. (77) and compare the coefficients of the 
Using this in Eq. (215) we obtain: 
Inserting Eqs. (211) and (218) leads to:
6. g νρ g σλ : Although all coefficients are already determined the coefficient of this tensor structure leads to the condition 0 = − 1 2
Inserting the results (211), (218), and (221), we observe that this expression vanishes identically. We now insert Eqs. (211), (213), (219), (218), and (221) into Eq. (78) and obtain the tree-level propagator as:
The result can be expressed in terms of the projector (75) to assume the form given in Eq. (79).
J Commutation relations
In this appendix we compute the commutators (88), (89), and (90) for the quantized spin-two field (82) and its quantized canonically conjugate field (83). We start with the derivation of the Using the completeness relation for the plane waves, d 3 xe
Employing the orthogonality relation (68) and the commutation relation (84), we arrive at
The definition (87) of the number operator then yields Eq. (92). In complete analogy one determines the momentum operator as the quantized version of Eq. (57):
K CALCULATING THE OPERATORS FOR CONSERVED QUANTITIES
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where we used the commutation relation (84). We now observe that last term in the first line and all terms in the second line vanish, since the integrand is an odd function of k. Using the orthogonality relation (68) and the definition (87) we then obtain Eq. (93). Next we calculate the spin operator. We first quantize Eq. (61), where we select the z-direction as quantization axis:
Taking a closer look at the first sum, we see that it vanishes by symmetry when we substitute k → − k and exchange λ ↔ λ ′ . We thus arrive at
